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The problem

Ever thought the rational canonical form that you studied in linear algebra was useless?
Well, here is an application of it to something practical, that I stumbled upon when
answering a question on the PlanetMath forums.

Let V be the vector space Z5*, where Zs denotes the field consisting of the elements 0

and 1. Given coefficients a1, ..., a, € Zo, we form the companion matrix
0 1 0 0
0 0 1 0 0

ay ax as ... ... Qu
We can generate successive vectors x,, € V by the recurrence
Tnt1 = Az,

This procedure is one of the basic ones used for the generation of pseudo-random
numbers on computers. In this application, we regard the vectors z,, as binary numbers
with m bits, and the internal state of the pseudo-random generator x,, always moves to
the next state x,1 by applying the transformation A.

We consider an important question: what is the largest period of the pseudo-random
generator A7

In other words, we are to find the largest positive integer p such that p is the period
for some vector x € V. The period of a vector y € V is the smallest positive integer ¢
such that A%y =y but A"y £y for 1 <r <q.



Solution

Assume A is invertible. This means A is a permutation of the vectors in V', and hence
ensures that every element y € V has a period < 2™. (If A is not invertible, some vectors
may have an infinite period.)

Suppose that the minimal polynomial of the matrix A is

g(t) = d1(t)™ Pa(t)™* - - i (t)™*

where m; are positive integers, and ¢, (t) are distinct monic irreducible polynomial factors.
To each ¢; there corresponds a vector space

N;={yeV:¢;j(A)7y =0 for some ¢q € N}.

Moreover, N1 & No @ --- @ N, = V. Each N; has a basis formed by taking the union
of some cyclic bases. The combined basis for V' from all Nj, is of course, the rational
canonical basis.

Suppose that rational canonical basis for (A restricted to) N; consists of the A-cycles:

Vj 1, AUjJ, cev, Afin V.1,

Vj,2, Ang, e, Afiz V5,2,
ceey

Vj,sjs AUJESJ" ey AT Vj,s; -

Let p;; be the period of v;;, and p be the least common multiple of all the p;;. Then
APy =y for all y € V. This follows since y can be written as a linear combination of the
Awvj; for 1 <r <54, 1 <4 <s;,1< 5 <k and each A" v;; has period p;;, which
divides p.

In fact, there exists an element x € V that has period exactly equal to p. For instance,

Tr = E Vji -
Jrt

Note that N;; = span{A"v;;: 1 <r < s;;} are all disjoint vector subspaces of V' (they
intersect at only the zero element). In fact, each cyclic subspace NN, ; corresponds to a
companion matrix block in the rational canonical form of A. Therefore A"x = x if and
only if A" brings every v;; back to itself, and this occurs if and only if r divides each
period p;;. So the smallest r possible for  must be the least common multiple p of all
the p;;. Since we know APy =y for all y € V, the smallest period for  must be p.

Recall that if h(t) is any polynomial such that h(A) = 0, then the minimal polynomial
g(t) must divide h(¢). In particular we can set h(t) = tP — 1.

So we arrive at this conclusion: the maximum period p for A is the smallest positive
integer p such that its minimal polynomial ¢(t) divides h(t) = tP — 1.

Moreover, since A is a companion matrix, its minimal polynomial is simply

g(t) = —a1 —agt — - — apt™t F ™.

So we have given a complete procedure to solve this practical problem of (linear feed-
back) pseudo-random generators.
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